We exhibit exact finite energy superluminal solutions of Maxwell equations in vacuum. *
Recently, some papers [1, 2] appeared in the literature showing that in some hypotetical media there is the possibility for the existence of superluminal electromagnetic pulses (solutions of Maxwell equations) such their fronts travel in the media travel with superluminal velocities. Now, the solutions discovered in [1, 2] , despite their theoretical interest have infinity energy and as such cannot be produced in the physical world. Only finite aperture approximations to these waves can eventually be produced (supposing the existence of the special media). The objective of this letter is to show that in contrast to the solutions discovered in [1, 2] (that as already said have infinity energy), there exist vacuum solutions of Maxwell equations which are finite energy superluminal solutions. These solutions, as we shall see appear as solutions of Sommerfeld like problems [3, 4] to be reported below. We also discusss if such solutions can be generated in the physical world.
We start by recalling how to write electromagnetic field configurations in terms of Hertz potentials [5, 6] . Suppose we have a Hertz potential Π m of magnetic type. In what follows we use units such that the velocity of light c = 1. Then, the associated electromagnetic field is given by
Let us take Π m = Φê z . Then, since the Hertz potential (in vacuum) satisfies a homogeneous wave equation, we have that
The Sommerfled problem (not to be confused with a Cauchy problem) to be considered here is the following. In a given inertial frame (the laboratory) find a solution Φ X : (t, x) → C (where C is the field of complex numbers) for eq.(2) satisfying the following boundary conditions 1 at the z = 0 plane,
where
and η is a constant called the axicon angle [7] [8] [9] [10] [11] [12] and B(k) is an appropriated frequency distribution.
As showed in [8] the solution of eq.( 2) (for z > 0, t > T ) which satisfies the Sommerfeld conditons is
We call Φ X a scalar superluminal X-pulse. Now, as it is well known, the energy density for complex field configuration, like the Φ X is
and the energy of the field configuration can be calculated by the volume integral of u on a constant time hyperplane, say t = T ′ > T . The calculation is easy when done in cylindrical coordinates. Recalling that from eq. (4) it follows that the support of the pulse at t = T ′ is △z = 2T / cos η, we have
Eq.(6) gives finite energy for the scalar X-pulse for an infinity of frequency distribution functions B(k), such that |B(k)| 2 be non null for k < 0. A trivial example is B(k) = Θ(k) − Θ(k − k 0 ) where k 0 is a constant. Now, we study the electromagnetic case. The non null components of the electromagnetic field 2 corresponding to a magnetic Hertz potential Π m = Φ Xêz is (for z > 0,
for |t − z cos η| < T E θ = B ρ = B z = 0, for |t − z cos η| > T.
Now, using the standard energy density of the electromagneitc field [5, 6] , the energy of the superluminal electromagnetic X pulse results,
Eq. (8) gives finite energy for superluminal solutions of Maxwell equations satisfying Sommerfeld boundary conditions (here expressed through conditions for the associated Hertz potential) for an infinity of possible frequency distributions B(k), as in the scalar case.
We have three comments before ending this letter: (i) The existence of the finite energy superluminal solutions of Maxwell equations that we just found does not conflict with the famous result on the Cauchy problem concerning the Maxwell equations. That result says: any electromagnetic field configuration with compact support at t = 0, let us say for | x| ≤ R is such that the field is null for t > 0 for all | x| ≥ R + t.
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(ii) Is it possible to build a physical device to launch a finite energy superluminal electromagnetic X pulse? Our answer is no. Indeed, finite aperture approximations (FAA) to exact superluminal X-like solutions of Maxwell equations (which, of course have finite energy) have already been produced [15, 16] , as predicted in [10] [11] [12] . However, these FAA are such that their peaks move [7] with velocity v > 1 but their front always moves with the speed of light c. This result has been predicted in [12] and is endorsed by the experimental results of [16] as proved in [7] . Now, concerning the solutions we just found, in order for them to be produced (by an antenna) as real physical waves it is necessary to produce waves that extend in all the z = 0 plane where the antenna is located for the time interval −T < t < T . Of course, this is physically impossible because it would require that the antenna should be an infinite one.
(iii) Besides the superluminal solutions just found, there are also finite energy subluminal solutions (to be reported elsewhere). So, even if the new solutions (sub and super luminal) cannot be produced by physical devices it is worth to say that the only possible reason for the non existence of these light 'particles' in our universe is that of a possible violation of the principle of relativity. The existence of the new solutions can eventually also find applications in the understanding of some fundamental problems concerning the nonlocality problem in quantum mechanics [17] .
